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Goal: learn a model of pose and shape
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Scan a Lot of People
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In lots of poses
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To learn a model we need correspondence
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Non-rigid Articulated Registration
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How?



?

Today: Rigid Alignment (Procrustes)
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<latexit sha1_base64="4+RLamf8uflE7w6chAMG1ZhovEg="></latexit>

arg min
S

||(sR ·XT + t)�X
0T ||



Surface representation: Mesh

8

<latexit sha1_base64="+r7M9GIiX8MNQVsNIHc8hqrm7AQ=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr5UU3LisYB/YlpJJM21oJjMkd4Qy9C/cuFDErX/jzr8x085CWw8EDufcS849fiyFQdf9dgorq2vrG8XN0tb2zu5eef+gaaJEM95gkYx026eGS6F4AwVK3o41p6Evecsf32Z+64lrIyL1gJOY90I6VCIQjKKVHrshxZEfpO1pv1xxq+4MZJl4OalAjnq//NUdRCwJuUImqTEdz42xl1KNgkk+LXUTw2PKxnTIO5YqGnLTS2eJp+TEKgMSRNo+hWSm/t5IaWjMJPTtZJbQLHqZ+J/XSTC47qVCxQlyxeYfBYkkGJHsfDIQmjOUE0so08JmJWxENWVoSyrZErzFk5dJ86zqXVYv7s8rtZu8jiIcwTGcggdXUIM7qEMDGCh4hld4c4zz4rw7H/PRgpPvHMIfOJ8/zqWRAg==</latexit>

X



Surface representation: Mesh
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<latexit sha1_base64="+r7M9GIiX8MNQVsNIHc8hqrm7AQ=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr5UU3LisYB/YlpJJM21oJjMkd4Qy9C/cuFDErX/jzr8x085CWw8EDufcS849fiyFQdf9dgorq2vrG8XN0tb2zu5eef+gaaJEM95gkYx026eGS6F4AwVK3o41p6Evecsf32Z+64lrIyL1gJOY90I6VCIQjKKVHrshxZEfpO1pv1xxq+4MZJl4OalAjnq//NUdRCwJuUImqTEdz42xl1KNgkk+LXUTw2PKxnTIO5YqGnLTS2eJp+TEKgMSRNo+hWSm/t5IaWjMJPTtZJbQLHqZ+J/XSTC47qVCxQlyxeYfBYkkGJHsfDIQmjOUE0so08JmJWxENWVoSyrZErzFk5dJ86zqXVYv7s8rtZu8jiIcwTGcggdXUIM7qEMDGCh4hld4c4zz4rw7H/PRgpPvHMIfOJ8/zqWRAg==</latexit>

X



Surface representation: Mesh

How can we rigidly transform a set of points ?

• Translate it
• Rotate it  
• Today we’ll consider also
• Scale it
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<latexit sha1_base64="mL0xdL3SPB3d+W5mUjdBQ97UQ4A=">AAACLXicbVDLSgMxFM3UV62vqks3wSIKSpnxvVEKunBZxT6gM5ZMmmlDM5khyQhlmB9y46+I4KIibv0N03bQ2nogcM6595J7jxsyKpVp9o3MzOzc/EJ2Mbe0vLK6ll/fqMogEphUcMACUXeRJIxyUlFUMVIPBUG+y0jN7V4N6rVHIiQN+L3qhcTxUZtTj2KktNXMX9s+Uh3Xi+tJvJvAC/ir4f6PUMnBGIc25al047vk4aiZL5hFcwg4TayUFECKcjP/arcCHPmEK8yQlA3LDJUTI6EoZiTJ2ZEkIcJd1CYNTTnyiXTi4bUJ3NFOC3qB0I8rOHTHJ2LkS9nzXd052FFO1gbmf7VGpLxzJ6Y8jBThePSRFzGoAjiIDraoIFixniYIC6p3hbiDBMJKB5zTIViTJ0+T6mHROi2e3B4XSpdpHFmwBbbBHrDAGSiBG1AGFYDBE3gBffBuPBtvxofxOWrNGOnMJvgD4+sbwFaodA==</latexit>

X0 = X+ t, t 2 R3
<latexit sha1_base64="RtfcsDlGBAL1WEgq3tQZGks3nsQ="></latexit>

X
0T = R ·XT ,R 2 SO(3)

<latexit sha1_base64="JpS4BT3+o00p7HQ0e/xQd+DgYVI=">AAACGHicbVDLSgMxFL1TX7W+qi7dBIvoQuqM+NooBTcuq9gHtKVk0kwbmskMSUYow3yGG3/FjQtF3Hbn35hpB9TqgcDJOfdy7z1uyJnStv1p5ebmFxaX8suFldW19Y3i5lZdBZEktEYCHsimixXlTNCaZprTZigp9l1OG+7wOvUbD1QqFoh7PQppx8d9wTxGsDZSt3gUt32sB64XN5P9BF0ihb4FdJh+mcgkN75LusWSXbYnQH+Jk5ESZKh2i+N2LyCRT4UmHCvVcuxQd2IsNSOcJoV2pGiIyRD3actQgX2qOvHksATtGaWHvECaJzSaqD87YuwrNfJdU5luqGa9VPzPa0Xau+jETISRpoJMB3kRRzpAaUqoxyQlmo8MwUQysysiAywx0SbLggnBmT35L6kfl52z8untSalylcWRhx3YhQNw4BwqcANVqAGBR3iGV3iznqwX6936mJbmrKxnG37BGn8BWmGfWA==</latexit>

X0 = sX, s 2 R



Rigid transformation + scale
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<latexit sha1_base64="RCLuoZG5HcCxDJt08WwT54hEcIo=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFdlRnxtZKCG5cV7AOmQ8mkmTY0kwxJRixDP8ONC0Xc+jXu/Bsz7Sy09UDgcM695NwTJpxp47rfztLyyuraemmjvLm1vbNb2dtvaZkqQptEcqk6IdaUM0GbhhlOO4miOA45bYej29xvP1KlmRQPZpzQIMYDwSJGsLGS342xGYZR9jQ56VWqbs2dAi0SryBVKNDoVb66fUnSmApDONba99zEBBlWhhFOJ+VuqmmCyQgPqG+pwDHVQTaNPEHHVumjSCr7hEFT9fdGhmOtx3FoJ/OIet7Lxf88PzXRdZAxkaSGCjL7KEo5MhLl96M+U5QYPrYEE8VsVkSGWGFibEtlW4I3f/IiaZ3VvMvaxf15tX5T1FGCQziCU/DgCupwBw1oAgEJz/AKb45xXpx352M2uuQUOwfwB87nD2OkkVM=</latexit>

x0

<latexit sha1_base64="RCLuoZG5HcCxDJt08WwT54hEcIo=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFdlRnxtZKCG5cV7AOmQ8mkmTY0kwxJRixDP8ONC0Xc+jXu/Bsz7Sy09UDgcM695NwTJpxp47rfztLyyuraemmjvLm1vbNb2dtvaZkqQptEcqk6IdaUM0GbhhlOO4miOA45bYej29xvP1KlmRQPZpzQIMYDwSJGsLGS342xGYZR9jQ56VWqbs2dAi0SryBVKNDoVb66fUnSmApDONba99zEBBlWhhFOJ+VuqmmCyQgPqG+pwDHVQTaNPEHHVumjSCr7hEFT9fdGhmOtx3FoJ/OIet7Lxf88PzXRdZAxkaSGCjL7KEo5MhLl96M+U5QYPrYEE8VsVkSGWGFibEtlW4I3f/IiaZ3VvMvaxf15tX5T1FGCQziCU/DgCupwBw1oAgEJz/AKb45xXpx352M2uuQUOwfwB87nD2OkkVM=</latexit>

x0
<latexit sha1_base64="lOsuvCa3AER6AUpOjcUQ14Z/PX4=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ6bY6XQjBTcuK9gHtkPJpJk2NJMZkoxYhv6FGxeKuPVv3Pk3ZtoKKnogcDjnXnLuCRLOlEbow1pZXVvf2CxsFbd3dvf2SweHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek8vc79xRqVgsbvQ0oX6ER4KFjGBtpNt+hPU4CLP72aBURna1VqmgOkS2W/FcF+Wk7jnIg46N5iiDJZqD0nt/GJM0okITjpXqOSjRfoalZoTTWbGfKppgMsEj2jNU4IgqP5snnsFTowxhGEvzhIZz9ftGhiOlplFgJvOE6reXi395vVSHnp8xkaSaCrL4KEw51DHMz4dDJinRfGoIJpKZrJCMscREm5KKpoSvS+H/pF2xHdeuXp+XGxfLOgrgGJyAM+CAGmiAK9AELUCAAA/gCTxbynq0XqzXxeiKtdw5Aj9gvX0CejCRdw==</latexit>x

<latexit sha1_base64="lOsuvCa3AER6AUpOjcUQ14Z/PX4=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ6bY6XQjBTcuK9gHtkPJpJk2NJMZkoxYhv6FGxeKuPVv3Pk3ZtoKKnogcDjnXnLuCRLOlEbow1pZXVvf2CxsFbd3dvf2SweHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek8vc79xRqVgsbvQ0oX6ER4KFjGBtpNt+hPU4CLP72aBURna1VqmgOkS2W/FcF+Wk7jnIg46N5iiDJZqD0nt/GJM0okITjpXqOSjRfoalZoTTWbGfKppgMsEj2jNU4IgqP5snnsFTowxhGEvzhIZz9ftGhiOlplFgJvOE6reXi395vVSHnp8xkaSaCrL4KEw51DHMz4dDJinRfGoIJpKZrJCMscREm5KKpoSvS+H/pF2xHdeuXp+XGxfLOgrgGJyAM+CAGmiAK9AELUCAAA/gCTxbynq0XqzXxeiKtdw5Aj9gvX0CejCRdw==</latexit>x



Rigid transformation + scale
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<latexit sha1_base64="RCLuoZG5HcCxDJt08WwT54hEcIo=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFdlRnxtZKCG5cV7AOmQ8mkmTY0kwxJRixDP8ONC0Xc+jXu/Bsz7Sy09UDgcM695NwTJpxp47rfztLyyuraemmjvLm1vbNb2dtvaZkqQptEcqk6IdaUM0GbhhlOO4miOA45bYej29xvP1KlmRQPZpzQIMYDwSJGsLGS342xGYZR9jQ56VWqbs2dAi0SryBVKNDoVb66fUnSmApDONba99zEBBlWhhFOJ+VuqmmCyQgPqG+pwDHVQTaNPEHHVumjSCr7hEFT9fdGhmOtx3FoJ/OIet7Lxf88PzXRdZAxkaSGCjL7KEo5MhLl96M+U5QYPrYEE8VsVkSGWGFibEtlW4I3f/IiaZ3VvMvaxf15tX5T1FGCQziCU/DgCupwBw1oAgEJz/AKb45xXpx352M2uuQUOwfwB87nD2OkkVM=</latexit>

x0

<latexit sha1_base64="lOsuvCa3AER6AUpOjcUQ14Z/PX4=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ6bY6XQjBTcuK9gHtkPJpJk2NJMZkoxYhv6FGxeKuPVv3Pk3ZtoKKnogcDjnXnLuCRLOlEbow1pZXVvf2CxsFbd3dvf2SweHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek8vc79xRqVgsbvQ0oX6ER4KFjGBtpNt+hPU4CLP72aBURna1VqmgOkS2W/FcF+Wk7jnIg46N5iiDJZqD0nt/GJM0okITjpXqOSjRfoalZoTTWbGfKppgMsEj2jNU4IgqP5snnsFTowxhGEvzhIZz9ftGhiOlplFgJvOE6reXi395vVSHnp8xkaSaCrL4KEw51DHMz4dDJinRfGoIJpKZrJCMscREm5KKpoSvS+H/pF2xHdeuXp+XGxfLOgrgGJyAM+CAGmiAK9AELUCAAA/gCTxbynq0XqzXxeiKtdw5Aj9gvX0CejCRdw==</latexit> x <latexit sha1_base64="RCLuoZG5HcCxDJt08WwT54hEcIo=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFdlRnxtZKCG5cV7AOmQ8mkmTY0kwxJRixDP8ONC0Xc+jXu/Bsz7Sy09UDgcM695NwTJpxp47rfztLyyuraemmjvLm1vbNb2dtvaZkqQptEcqk6IdaUM0GbhhlOO4miOA45bYej29xvP1KlmRQPZpzQIMYDwSJGsLGS342xGYZR9jQ56VWqbs2dAi0SryBVKNDoVb66fUnSmApDONba99zEBBlWhhFOJ+VuqmmCyQgPqG+pwDHVQTaNPEHHVumjSCr7hEFT9fdGhmOtx3FoJ/OIet7Lxf88PzXRdZAxkaSGCjL7KEo5MhLl96M+U5QYPrYEE8VsVkSGWGFibEtlW4I3f/IiaZ3VvMvaxf15tX5T1FGCQziCU/DgCupwBw1oAgEJz/AKb45xXpx352M2uuQUOwfwB87nD2OkkVM=</latexit>

x0 <latexit sha1_base64="lOsuvCa3AER6AUpOjcUQ14Z/PX4=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ6bY6XQjBTcuK9gHtkPJpJk2NJMZkoxYhv6FGxeKuPVv3Pk3ZtoKKnogcDjnXnLuCRLOlEbow1pZXVvf2CxsFbd3dvf2SweHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek8vc79xRqVgsbvQ0oX6ER4KFjGBtpNt+hPU4CLP72aBURna1VqmgOkS2W/FcF+Wk7jnIg46N5iiDJZqD0nt/GJM0okITjpXqOSjRfoalZoTTWbGfKppgMsEj2jNU4IgqP5snnsFTowxhGEvzhIZz9ftGhiOlplFgJvOE6reXi395vVSHnp8xkaSaCrL4KEw51DHMz4dDJinRfGoIJpKZrJCMscREm5KKpoSvS+H/pF2xHdeuXp+XGxfLOgrgGJyAM+CAGmiAK9AELUCAAA/gCTxbynq0XqzXxeiKtdw5Aj9gvX0CejCRdw==</latexit>x
<latexit sha1_base64="lOsuvCa3AER6AUpOjcUQ14Z/PX4=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ6bY6XQjBTcuK9gHtkPJpJk2NJMZkoxYhv6FGxeKuPVv3Pk3ZtoKKnogcDjnXnLuCRLOlEbow1pZXVvf2CxsFbd3dvf2SweHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek8vc79xRqVgsbvQ0oX6ER4KFjGBtpNt+hPU4CLP72aBURna1VqmgOkS2W/FcF+Wk7jnIg46N5iiDJZqD0nt/GJM0okITjpXqOSjRfoalZoTTWbGfKppgMsEj2jNU4IgqP5snnsFTowxhGEvzhIZz9ftGhiOlplFgJvOE6reXi395vVSHnp8xkaSaCrL4KEw51DHMz4dDJinRfGoIJpKZrJCMscREm5KKpoSvS+H/pF2xHdeuXp+XGxfLOgrgGJyAM+CAGmiAK9AELUCAAA/gCTxbynq0XqzXxeiKtdw5Aj9gvX0CejCRdw==</latexit>x



Rigid transformation + scale

13

<latexit sha1_base64="RCLuoZG5HcCxDJt08WwT54hEcIo=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFdlRnxtZKCG5cV7AOmQ8mkmTY0kwxJRixDP8ONC0Xc+jXu/Bsz7Sy09UDgcM695NwTJpxp47rfztLyyuraemmjvLm1vbNb2dtvaZkqQptEcqk6IdaUM0GbhhlOO4miOA45bYej29xvP1KlmRQPZpzQIMYDwSJGsLGS342xGYZR9jQ56VWqbs2dAi0SryBVKNDoVb66fUnSmApDONba99zEBBlWhhFOJ+VuqmmCyQgPqG+pwDHVQTaNPEHHVumjSCr7hEFT9fdGhmOtx3FoJ/OIet7Lxf88PzXRdZAxkaSGCjL7KEo5MhLl96M+U5QYPrYEE8VsVkSGWGFibEtlW4I3f/IiaZ3VvMvaxf15tX5T1FGCQziCU/DgCupwBw1oAgEJz/AKb45xXpx352M2uuQUOwfwB87nD2OkkVM=</latexit>

x0

<latexit sha1_base64="lOsuvCa3AER6AUpOjcUQ14Z/PX4=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ6bY6XQjBTcuK9gHtkPJpJk2NJMZkoxYhv6FGxeKuPVv3Pk3ZtoKKnogcDjnXnLuCRLOlEbow1pZXVvf2CxsFbd3dvf2SweHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek8vc79xRqVgsbvQ0oX6ER4KFjGBtpNt+hPU4CLP72aBURna1VqmgOkS2W/FcF+Wk7jnIg46N5iiDJZqD0nt/GJM0okITjpXqOSjRfoalZoTTWbGfKppgMsEj2jNU4IgqP5snnsFTowxhGEvzhIZz9ftGhiOlplFgJvOE6reXi395vVSHnp8xkaSaCrL4KEw51DHMz4dDJinRfGoIJpKZrJCMscREm5KKpoSvS+H/pF2xHdeuXp+XGxfLOgrgGJyAM+CAGmiAK9AELUCAAA/gCTxbynq0XqzXxeiKtdw5Aj9gvX0CejCRdw==</latexit>x

<latexit sha1_base64="RCLuoZG5HcCxDJt08WwT54hEcIo=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFdlRnxtZKCG5cV7AOmQ8mkmTY0kwxJRixDP8ONC0Xc+jXu/Bsz7Sy09UDgcM695NwTJpxp47rfztLyyuraemmjvLm1vbNb2dtvaZkqQptEcqk6IdaUM0GbhhlOO4miOA45bYej29xvP1KlmRQPZpzQIMYDwSJGsLGS342xGYZR9jQ56VWqbs2dAi0SryBVKNDoVb66fUnSmApDONba99zEBBlWhhFOJ+VuqmmCyQgPqG+pwDHVQTaNPEHHVumjSCr7hEFT9fdGhmOtx3FoJ/OIet7Lxf88PzXRdZAxkaSGCjL7KEo5MhLl96M+U5QYPrYEE8VsVkSGWGFibEtlW4I3f/IiaZ3VvMvaxf15tX5T1FGCQziCU/DgCupwBw1oAgEJz/AKb45xXpx352M2uuQUOwfwB87nD2OkkVM=</latexit>

x0 <latexit sha1_base64="lOsuvCa3AER6AUpOjcUQ14Z/PX4=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ6bY6XQjBTcuK9gHtkPJpJk2NJMZkoxYhv6FGxeKuPVv3Pk3ZtoKKnogcDjnXnLuCRLOlEbow1pZXVvf2CxsFbd3dvf2SweHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek8vc79xRqVgsbvQ0oX6ER4KFjGBtpNt+hPU4CLP72aBURna1VqmgOkS2W/FcF+Wk7jnIg46N5iiDJZqD0nt/GJM0okITjpXqOSjRfoalZoTTWbGfKppgMsEj2jNU4IgqP5snnsFTowxhGEvzhIZz9ftGhiOlplFgJvOE6reXi395vVSHnp8xkaSaCrL4KEw51DHMz4dDJinRfGoIJpKZrJCMscREm5KKpoSvS+H/pF2xHdeuXp+XGxfLOgrgGJyAM+CAGmiAK9AELUCAAA/gCTxbynq0XqzXxeiKtdw5Aj9gvX0CejCRdw==</latexit>x



Rigid transformation + scale
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<latexit sha1_base64="RCLuoZG5HcCxDJt08WwT54hEcIo=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFdlRnxtZKCG5cV7AOmQ8mkmTY0kwxJRixDP8ONC0Xc+jXu/Bsz7Sy09UDgcM695NwTJpxp47rfztLyyuraemmjvLm1vbNb2dtvaZkqQptEcqk6IdaUM0GbhhlOO4miOA45bYej29xvP1KlmRQPZpzQIMYDwSJGsLGS342xGYZR9jQ56VWqbs2dAi0SryBVKNDoVb66fUnSmApDONba99zEBBlWhhFOJ+VuqmmCyQgPqG+pwDHVQTaNPEHHVumjSCr7hEFT9fdGhmOtx3FoJ/OIet7Lxf88PzXRdZAxkaSGCjL7KEo5MhLl96M+U5QYPrYEE8VsVkSGWGFibEtlW4I3f/IiaZ3VvMvaxf15tX5T1FGCQziCU/DgCupwBw1oAgEJz/AKb45xXpx352M2uuQUOwfwB87nD2OkkVM=</latexit>

x0

<latexit sha1_base64="lOsuvCa3AER6AUpOjcUQ14Z/PX4=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ6bY6XQjBTcuK9gHtkPJpJk2NJMZkoxYhv6FGxeKuPVv3Pk3ZtoKKnogcDjnXnLuCRLOlEbow1pZXVvf2CxsFbd3dvf2SweHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek8vc79xRqVgsbvQ0oX6ER4KFjGBtpNt+hPU4CLP72aBURna1VqmgOkS2W/FcF+Wk7jnIg46N5iiDJZqD0nt/GJM0okITjpXqOSjRfoalZoTTWbGfKppgMsEj2jNU4IgqP5snnsFTowxhGEvzhIZz9ftGhiOlplFgJvOE6reXi395vVSHnp8xkaSaCrL4KEw51DHMz4dDJinRfGoIJpKZrJCMscREm5KKpoSvS+H/pF2xHdeuXp+XGxfLOgrgGJyAM+CAGmiAK9AELUCAAA/gCTxbynq0XqzXxeiKtdw5Aj9gvX0CejCRdw==</latexit>x

<latexit sha1_base64="RCLuoZG5HcCxDJt08WwT54hEcIo=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFdlRnxtZKCG5cV7AOmQ8mkmTY0kwxJRixDP8ONC0Xc+jXu/Bsz7Sy09UDgcM695NwTJpxp47rfztLyyuraemmjvLm1vbNb2dtvaZkqQptEcqk6IdaUM0GbhhlOO4miOA45bYej29xvP1KlmRQPZpzQIMYDwSJGsLGS342xGYZR9jQ56VWqbs2dAi0SryBVKNDoVb66fUnSmApDONba99zEBBlWhhFOJ+VuqmmCyQgPqG+pwDHVQTaNPEHHVumjSCr7hEFT9fdGhmOtx3FoJ/OIet7Lxf88PzXRdZAxkaSGCjL7KEo5MhLl96M+U5QYPrYEE8VsVkSGWGFibEtlW4I3f/IiaZ3VvMvaxf15tX5T1FGCQziCU/DgCupwBw1oAgEJz/AKb45xXpx352M2uuQUOwfwB87nD2OkkVM=</latexit>

x0 <latexit sha1_base64="lOsuvCa3AER6AUpOjcUQ14Z/PX4=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ6bY6XQjBTcuK9gHtkPJpJk2NJMZkoxYhv6FGxeKuPVv3Pk3ZtoKKnogcDjnXnLuCRLOlEbow1pZXVvf2CxsFbd3dvf2SweHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek8vc79xRqVgsbvQ0oX6ER4KFjGBtpNt+hPU4CLP72aBURna1VqmgOkS2W/FcF+Wk7jnIg46N5iiDJZqD0nt/GJM0okITjpXqOSjRfoalZoTTWbGfKppgMsEj2jNU4IgqP5snnsFTowxhGEvzhIZz9ftGhiOlplFgJvOE6reXi395vVSHnp8xkaSaCrL4KEw51DHMz4dDJinRfGoIJpKZrJCMscREm5KKpoSvS+H/pF2xHdeuXp+XGxfLOgrgGJyAM+CAGmiAK9AELUCAAA/gCTxbynq0XqzXxeiKtdw5Aj9gvX0CejCRdw==</latexit>x

<latexit sha1_base64="RCLuoZG5HcCxDJt08WwT54hEcIo=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFdlRnxtZKCG5cV7AOmQ8mkmTY0kwxJRixDP8ONC0Xc+jXu/Bsz7Sy09UDgcM695NwTJpxp47rfztLyyuraemmjvLm1vbNb2dtvaZkqQptEcqk6IdaUM0GbhhlOO4miOA45bYej29xvP1KlmRQPZpzQIMYDwSJGsLGS342xGYZR9jQ56VWqbs2dAi0SryBVKNDoVb66fUnSmApDONba99zEBBlWhhFOJ+VuqmmCyQgPqG+pwDHVQTaNPEHHVumjSCr7hEFT9fdGhmOtx3FoJ/OIet7Lxf88PzXRdZAxkaSGCjL7KEo5MhLl96M+U5QYPrYEE8VsVkSGWGFibEtlW4I3f/IiaZ3VvMvaxf15tX5T1FGCQziCU/DgCupwBw1oAgEJz/AKb45xXpx352M2uuQUOwfwB87nD2OkkVM=</latexit>

x0 <latexit sha1_base64="lOsuvCa3AER6AUpOjcUQ14Z/PX4=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ6bY6XQjBTcuK9gHtkPJpJk2NJMZkoxYhv6FGxeKuPVv3Pk3ZtoKKnogcDjnXnLuCRLOlEbow1pZXVvf2CxsFbd3dvf2SweHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek8vc79xRqVgsbvQ0oX6ER4KFjGBtpNt+hPU4CLP72aBURna1VqmgOkS2W/FcF+Wk7jnIg46N5iiDJZqD0nt/GJM0okITjpXqOSjRfoalZoTTWbGfKppgMsEj2jNU4IgqP5snnsFTowxhGEvzhIZz9ftGhiOlplFgJvOE6reXi395vVSHnp8xkaSaCrL4KEw51DHMz4dDJinRfGoIJpKZrJCMscREm5KKpoSvS+H/pF2xHdeuXp+XGxfLOgrgGJyAM+CAGmiAK9AELUCAAA/gCTxbynq0XqzXxeiKtdw5Aj9gvX0CejCRdw==</latexit>x



?

Procrustes alignment problem definition
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<latexit sha1_base64="mL0xdL3SPB3d+W5mUjdBQ97UQ4A=">AAACLXicbVDLSgMxFM3UV62vqks3wSIKSpnxvVEKunBZxT6gM5ZMmmlDM5khyQhlmB9y46+I4KIibv0N03bQ2nogcM6595J7jxsyKpVp9o3MzOzc/EJ2Mbe0vLK6ll/fqMogEphUcMACUXeRJIxyUlFUMVIPBUG+y0jN7V4N6rVHIiQN+L3qhcTxUZtTj2KktNXMX9s+Uh3Xi+tJvJvAC/ir4f6PUMnBGIc25al047vk4aiZL5hFcwg4TayUFECKcjP/arcCHPmEK8yQlA3LDJUTI6EoZiTJ2ZEkIcJd1CYNTTnyiXTi4bUJ3NFOC3qB0I8rOHTHJ2LkS9nzXd052FFO1gbmf7VGpLxzJ6Y8jBThePSRFzGoAjiIDraoIFixniYIC6p3hbiDBMJKB5zTIViTJ0+T6mHROi2e3B4XSpdpHFmwBbbBHrDAGSiBG1AGFYDBE3gBffBuPBtvxofxOWrNGOnMJvgD4+sbwFaodA==</latexit>

X0 = X+ t, t 2 R3
<latexit sha1_base64="mL0xdL3SPB3d+W5mUjdBQ97UQ4A=">AAACLXicbVDLSgMxFM3UV62vqks3wSIKSpnxvVEKunBZxT6gM5ZMmmlDM5khyQhlmB9y46+I4KIibv0N03bQ2nogcM6595J7jxsyKpVp9o3MzOzc/EJ2Mbe0vLK6ll/fqMogEphUcMACUXeRJIxyUlFUMVIPBUG+y0jN7V4N6rVHIiQN+L3qhcTxUZtTj2KktNXMX9s+Uh3Xi+tJvJvAC/ir4f6PUMnBGIc25al047vk4aiZL5hFcwg4TayUFECKcjP/arcCHPmEK8yQlA3LDJUTI6EoZiTJ2ZEkIcJd1CYNTTnyiXTi4bUJ3NFOC3qB0I8rOHTHJ2LkS9nzXd052FFO1gbmf7VGpLxzJ6Y8jBThePSRFzGoAjiIDraoIFixniYIC6p3hbiDBMJKB5zTIViTJ0+T6mHROi2e3B4XSpdpHFmwBbbBHrDAGSiBG1AGFYDBE3gBffBuPBtvxofxOWrNGOnMJvgD4+sbwFaodA==</latexit>

X0 = X+ t, t 2 R3



Procrustes alignment problem definition
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<latexit sha1_base64="mL0xdL3SPB3d+W5mUjdBQ97UQ4A=">AAACLXicbVDLSgMxFM3UV62vqks3wSIKSpnxvVEKunBZxT6gM5ZMmmlDM5khyQhlmB9y46+I4KIibv0N03bQ2nogcM6595J7jxsyKpVp9o3MzOzc/EJ2Mbe0vLK6ll/fqMogEphUcMACUXeRJIxyUlFUMVIPBUG+y0jN7V4N6rVHIiQN+L3qhcTxUZtTj2KktNXMX9s+Uh3Xi+tJvJvAC/ir4f6PUMnBGIc25al047vk4aiZL5hFcwg4TayUFECKcjP/arcCHPmEK8yQlA3LDJUTI6EoZiTJ2ZEkIcJd1CYNTTnyiXTi4bUJ3NFOC3qB0I8rOHTHJ2LkS9nzXd052FFO1gbmf7VGpLxzJ6Y8jBThePSRFzGoAjiIDraoIFixniYIC6p3hbiDBMJKB5zTIViTJ0+T6mHROi2e3B4XSpdpHFmwBbbBHrDAGSiBG1AGFYDBE3gBffBuPBtvxofxOWrNGOnMJvgD4+sbwFaodA==</latexit>

X0 = X+ t, t 2 R3
<latexit sha1_base64="mL0xdL3SPB3d+W5mUjdBQ97UQ4A=">AAACLXicbVDLSgMxFM3UV62vqks3wSIKSpnxvVEKunBZxT6gM5ZMmmlDM5khyQhlmB9y46+I4KIibv0N03bQ2nogcM6595J7jxsyKpVp9o3MzOzc/EJ2Mbe0vLK6ll/fqMogEphUcMACUXeRJIxyUlFUMVIPBUG+y0jN7V4N6rVHIiQN+L3qhcTxUZtTj2KktNXMX9s+Uh3Xi+tJvJvAC/ir4f6PUMnBGIc25al047vk4aiZL5hFcwg4TayUFECKcjP/arcCHPmEK8yQlA3LDJUTI6EoZiTJ2ZEkIcJd1CYNTTnyiXTi4bUJ3NFOC3qB0I8rOHTHJ2LkS9nzXd052FFO1gbmf7VGpLxzJ6Y8jBThePSRFzGoAjiIDraoIFixniYIC6p3hbiDBMJKB5zTIViTJ0+T6mHROi2e3B4XSpdpHFmwBbbBHrDAGSiBG1AGFYDBE3gBffBuPBtvxofxOWrNGOnMJvgD4+sbwFaodA==</latexit>

X0 = X+ t, t 2 R3

<latexit sha1_base64="aOsYpH5ViBavt5TXDBD+n8f69Gk="></latexit>

X0 = S(X) = (sR ·XT + t)T



?

Procrustes alignment problem definition
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<latexit sha1_base64="QDVKQyL5QcV3bw46dM7AV5Sja2o="></latexit>

arg min
s,R,t

k(sRXT + t)�X0T k2F



Why Procrustes?

18

The name Procrustes (Greek: Προκρούστης) refers to a bandit from Greek mythology who 
made his victims fit his bed either by stretching their limbs or cutting them off.

Prcrustes means “he who stretches”

https://en.wikipedia.org/wiki/Procrustes
https://en.wikipedia.org/wiki/Greek_language


Optimisation Problem

19



T

𝐴 = 𝑈𝛴𝑉!

Quick recap of SVD

20



in general, applied to a real matrix:

warning: this is not the vertex matrix!

Quick recap of SVD

21



Optimal rotation obtained by computing SVD 
on the point cross-covariance

Procrustes alignment steps

22

Matrices of points

Translation is the centroid difference

Scale is a quotient of eigenvalue sums

ȲTX = U⌃VT

<latexit sha1_base64="vAuxd9gUGYAi5XPzgu8+r+NsGO4=">AAACKnicbVDLSsNAFJ3UV62vqEs3g0VwVRJRdCNU3bis2LSVppbJdNIOnUzCzEQoId/jxl9x04VS3PohTtoo2npg4Nxz7mXuPV7EqFSWNTEKS8srq2vF9dLG5tb2jrm715BhLDBxcMhC0fKQJIxy4iiqGGlFgqDAY6TpDW8yv/lEhKQhr6tRRDoB6nPqU4yUlrrmleshkbgBUgPPh8lDmj7W8ypppfASfheJk6buPe0H6EdpZM2lrlm2KtYUcJHYOSmDHLWuOXZ7IY4DwhVmSMq2bUWqkyChKGYkLbmxJBHCQ9QnbU05CojsJNNTU3iklR70Q6EfV3Cq/p5IUCDlKPB0Z7amnPcy8T+vHSv/opNQHsWKcDz7yI8ZVCHMcoM9KghWbKQJwoLqXSEeIIGw0ulmIdjzJy+SxknFPq2c3Z2Wq9d5HEVwAA7BMbDBOaiCW1ADDsDgGbyCN/BuvBhjY2J8zFoLRj6zD/7A+PwCdFeogg==</latexit>

* See also clarification slide 1 at the end of slide deck

s =
tr(⌃)

kX̄k2F

<latexit sha1_base64="m8ipPAzP4S7BXbHsGiifSAvYMrE="></latexit>



Proof
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Minimize the L2 distance between
transformed source points and target points

Procrustes derivation: translation

24



We remove the elements that do not  depend on the translation and solve for t.

Compute the centroid of the point clouds

So given s and R, we can compute the translation t

Procrustes derivation: translation

25



Subtract the centroid from the points to obtain a simpler expression for E

Procrustes derivation: Rotation

26

Optimal rotation does not depend on scale

R = argmin
R

||RX̄T � ȲT k2F

= argmin
R

hRX̄T � ȲT ,RX̄T � ȲT iF

= argmin
R

kRX̄T k2F + kȲT k2F � 2hRX̄T , ȲT iF

= argmin
R

kX̄T k2F + kȲT k2F � 2hRX̄T , ȲT iF

= argmax
R

hR, ȲT X̄iF

= argmax
R

hR, U⌃V T iF

= argmax
R

hUTRV,⌃iF

= argmax
R

hS,⌃iF where S = UTRV

<latexit sha1_base64="iz1Tmvct+yiK0dZet2/HQcGu1qo="></latexit>



Procrustes derivation: Rotation
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Inner product should be maximum!

Rotation does not change norm!

Subtract the centroid from the points to obtain a simpler expression for E

Optimal rotation does not depend on scale
R = argmin

R
||RX̄T � ȲT k2F

= argmin
R

hRX̄T � ȲT ,RX̄T � ȲT iF

= argmin
R

kRX̄T k2F + kȲT k2F � 2hRX̄T , ȲT iF

= argmin
R

kX̄T k2F + kȲT k2F � 2hRX̄T , ȲT iF

= argmax
R

hR, ȲT X̄iF

= argmax
R

hR, U⌃V T iF

= argmax
R

hUTRV,⌃iF

= argmax
R

hS,⌃iF where S = UTRV

<latexit sha1_base64="iz1Tmvct+yiK0dZet2/HQcGu1qo="></latexit>



Procrustes derivation: Rotation
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Optimal rotation does not depend on scale

Inner product should be maximum!
Rotation does not change norm!

Cross-covariance matrix
SVD decomposition

Subtract the centroid from the points to obtain a simpler expression for E

R = argmin
R

||RX̄T � ȲT k2F

= argmin
R

hRX̄T � ȲT ,RX̄T � ȲT iF

= argmin
R

kRX̄T k2F + kȲT k2F � 2hRX̄T , ȲT iF

= argmin
R

kX̄T k2F + kȲT k2F � 2hRX̄T , ȲT iF

= argmax
R

hR, ȲT X̄iF

= argmax
R

hR, U⌃V T iF

= argmax
R

hUTRV,⌃iF

= argmax
R

hS,⌃iF where S = UTRV

<latexit sha1_base64="iz1Tmvct+yiK0dZet2/HQcGu1qo="></latexit>



Procrustes derivation: Rotation
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What kind of matrix is ? 

What kind of matrix is     ?

Orthogonal

Diagonal



Procrustes derivation: Rotation
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What kind of matrix is ? 

What kind of matrix is     ?

Orthogonal

Diagonal

Hence the quantity above is maximised when equals the identity, hence:

ȲTX = U⌃V T

<latexit sha1_base64="YJa2MA1IbP0p4Y4V138pBcbga40=">AAACGHicbVC7TsMwFHV4lvIKMLJYVEhMJUFFsCBVsDAW0bRFTagc12mtOg/ZDlJl5TNY+BUWBhBi7cbf4LQZoOVIlo7PuVf33uMnjAppWd/G0vLK6tp6aaO8ubW9s2vu7bdEnHJMHByzmHd8JAijEXEklYx0Ek5Q6DPS9kc3ud9+IlzQOGrKcUK8EA0iGlCMpJZ65qnrI67cEMmhH0D1kGWPzeKnOhm8gsrJ3Hs6CJFqaavcMytW1ZoCLhK7IBVQoNEzJ24/xmlIIokZEqJrW4n0FOKSYkayspsKkiA8QgPS1TRCIRGemh6WwWOt9GEQc/0iCafq7w6FQiHGoa8r853FvJeL/3ndVAaXnqJRkkoS4dmgIGVQxjBPCfYpJ1iysSYIc6p3hXiIOMJSZ5mHYM+fvEhaZ1W7Vj2/q1Xq10UcJXAIjsAJsMEFqINb0AAOwOAZvIJ38GG8GG/Gp/E1K10yip4D8AfG5AfZrqBC</latexit>

SVD of cross-covariance of pointsclouds



Procrustes derivation: scale
Optimize scale given the rotation

31

We used:
1) Trace invariance with shifts
2)
3) Trace equals sum of 

eigenvals for square 
matrices

ȲT X̄ = U⌃VT , R = UVT

<latexit sha1_base64="wey0KkFWOtAUTnMctKNyWbxxUqU="></latexit>

=
tr(X̄RT ȲT )

kX̄k2F
=

tr(RT ȲT X̄)

kX̄k2F
=

tr(VUTU⌃VT )

kX̄k2F
=

tr(⌃)

kX̄k2F

<latexit sha1_base64="X+2hFBWcNnc7c1KTAewpIk+WOHA="></latexit>



Clarification slides 
(not included in the video recordings)
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Clarification slide 1 (not in the video)

33

x̄ =
1

N

NX

i

xi

<latexit sha1_base64="ZYLoz8TP/3jNKb5mOtwAZMI5rQ4=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwVRKt6EYounFVKtgHNDFMppN26EwSZiZiCfkQN/6KGxeKuHEh+DdO2oLaemDgcM65zL3HjxmVyrK+jMLC4tLySnG1tLa+sbllbu+0ZJQITJo4YpHo+EgSRkPSVFQx0okFQdxnpO0PL3O/fUeEpFF4o0YxcTnqhzSgGCkteeax4yOROhypgR+k91kGz6ETCIRTO0vrmSMT7tHbOvxJeNQzy1bFGgPOE3tKymCKhmd+OL0IJ5yECjMkZde2YuWmSCiKGclKTiJJjPAQ9UlX0xBxIt10fFwGD7TSg0Ek9AsVHKu/J1LEpRxxXyfzHeWsl4v/ed1EBWduSsM4USTEk4+ChEEVwbwp2KOCYMVGmiAsqN4V4gHS1SjdZ0mXYM+ePE9aRxW7Wjm5rpZrF9M6imAP7INDYINTUANXoAGaAIMH8ARewKvxaDwbb8b7JFowpjO74A+Mz28hXKKn</latexit>

X̄ = [x1 � x̄, . . . ,xn � x̄]T

<latexit sha1_base64="fOYy9KntkeXw1mgGNIEJD65FMqs="></latexit>

Normalized pointcloud. The 
centroid is subtracted to all 
points to center the pointcloud
at the origin

Centroid


