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Overview

• Part1. Image formation – Introduction
• Part2. Image formation – Projection Matrix
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Computer Vision goal: Predict 3D human mesh 
from a single image
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Input (2D) Output (3D)



Computer Graphics goal: Render photorealistic 
avatars
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CSE486, Penn State
Robert Collins

Imaging Geometry
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For both problems we need to understand
first image formation models
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© Marc Levoy

The laws of perspective

✦ common assumptions
    1.  Light leaving an object travels in straight lines.
    2.  These lines converge to a point at the eye.

✦ natural perspective  (Euclid, 3rd c. B.C.)

    3a.  More distant objects subtend smaller visual angles.
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© Marc Levoy

The laws of perspective

✦ common assumptions
    1.  Light leaving an object travels in straight lines.
    2.  These lines converge to a point at the eye.

✦ natural perspective  (Euclid, 3rd c. B.C.)

    3a.  More distant objects subtend smaller visual angles.

✦ linear perspective  (Filippo Brunelleschi, 1413)

    3b.  A perspective image is formed by the intersection
           of these lines with a “picture plane”  (the canvas).
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© Marc Levoy

Projection onto picture plane
(contents of whiteboard)

✦ the division by z means that the size of an object in a 
photograph is inversely proportional to its distance 
from the camera
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Pause the video and think
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Should it look like this picture?
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Pinhole camera model
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✦ the division by z means that the size of an object in a 
photograph is inversely proportional to its distance 
from the camera

Lens camera model

y = f
h

z
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Lens camera vs Pinhole camera

• For the lens camera model, we derived

• As the depth goes to infinity we obtain
That is, lens with focal length is equivalent to pinhole at distance
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Let‘s formalize mathematically…

The goal now is to express the image formation process
using a single Projection Matrix
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CSE486, Penn State
Robert Collins

Imaging Geometry

V
U

W
Object of Interest
in World Coordinate
System (U,V,W)
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CSE486, Penn State
Robert Collins

Imaging Geometry

Z

f

Camera Coordinate 
System (X,Y,Z).  

• Z is optic axis
• Image plane located f units

out along optic axis
• f is called focal length

X

Y
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CSE486, Penn State
Robert Collins

Imaging Geometry

V
U

W

Z

Forward Projection onto image plane.
3D (X,Y,Z) projected to 2D (x,y)

y
xX

Y
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CSE486, Penn State
Robert Collins

Imaging Geometry

V
U

W

Z
y

Our image gets digitized
into pixel coordinates (u,v)

xX

Y

u

v
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CSE486, Penn State
Robert Collins

Imaging Geometry

V
U

W

Z
y

World 
Coordinates

Camera
Coordinates

Image (film)
Coordinates

Pixel
Coordinates

u

v

xX

Y
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CSE486, Penn State

Robert Collins

Forward Projection

U

V

W

X

Y

Z

x
y

u
v

World

Coords

Camera

Coords

Film

Coords

Pixel

Coords

We want a mathematical model to describe

how 3D World points get projected into 2D

Pixel coordinates.

Our goal: describe this sequence of 

transformations by a big matrix equation!
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CSE486, Penn State
Robert Collins

Backward Projection

U
V
W

X
Y
Z

x
y

u
v

World
Coords

Camera
Coords

Film
Coords

Pixel
Coords

Note, much of vision concerns trying to
derive backward projection equations to
recover 3D scene structure from images 
(via stereo or motion)

But first, we have to understand forward projection…
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CSE486, Penn State
Robert Collins

Forward Projection

U
V
W

X
Y
Z

x
y

u
v

World
Coords

Camera
Coords

Film
Coords

Pixel
Coords

3D-to-2D Projection
• perspective projection

We will start here in the middle, since we’ve already
talked about this when discussing stereo.
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CSE486, Penn State
Robert Collins

Basic Perspective Projection

XX

YY

ZZ
ff

OO

p = p = (x,y,f)
xx

yy

Z
Yfy

Z
Xfx





O.Camps, PSU

Z

P =P = (X,Y,Z)

y

Scene Point

Image Point

Perspective Projection Eqns

YX

x
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CSE486, Penn State
Robert Collins

Basic Perspective Projection

XX

YY

ZZ
ff

OO

p = p = (x,y,f)
xx

yy

Z
Yfy

Z
Xfx





O.Camps, PSU

X

Z

P =P = (X,Y,Z)

x y

Scene Point

Image Point

Perspective Projection Eqns

Y

Xx

Z
f

derived via similar 
triangles rule
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CSE486, Penn State
Robert Collins

Basic Perspective Projection

XX

YY

ZZ
ff

OO

p = p = (x,y,f)
xx

yy

Z
Yfy

Z
Xfx





O.Camps, PSU

X

Z

P =P = (X,Y,Z)

x y

Scene Point

Image Point

Perspective Projection Eqns

Y

Xx

Z
f

Z

Yy
f

derived via similar 
triangles rule
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CSE486, Penn State
Robert Collins

Basic Perspective Projection

XX

YY

ZZ
ff

OO

p = p = (x,y,f)
xx

yy

Z
Yfy

Z
Xfx





O.Camps, PSU

X

Z

P =P = (X,Y,Z)

x y

Scene Point

Image Point

Perspective Projection Eqns

Y

So how do we represent this as a matrix equation?   
We need to introduce homogeneous coordinates.
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CSE486, Penn State
Robert Collins

Homogeneous Coordinates
Represent a 2D point (x,y) by a 3D point (x’,y’,z’) by
adding a “fictitious” third coordinate.

By convention, we specify that given (x’,y’,z’) we can
recover the 2D point (x,y) as

'
'

'
'   

z
yy

z
xx 

Note: (x,y) = (x,y,1) = (2x, 2y, 2) =  (k x, ky, k) 
for any nonzero k (can be negative as well as positive)
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CSE486, Penn State
Robert Collins

Perspective Matrix Equation
(in Camera Coordinates)

      
1

0
0
0

1
0
0

0

0

0
0

'
'
'




















































Z
Y
X

f
f

z
y
x

Z
Yfy

Z
Xfx
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CSE486, Penn State
Robert Collins

Forward Projection

U
V
W

X
Y
Z

x
y

u
v

World
Coords

Camera
Coords

Film
Coords

Pixel
Coords

Rigid Transformation (rotation+translation)
between world and camera coordinate systems
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CSE486, Penn State
Robert Collins

World to Camera Transformation

XX

YY

ZZ

PC

UU

VV

WW
PW

Translate by - C 
(align origins)

C
Rotate to
align axes

R

PC = R ( PW - C )
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CSE486, Penn State
Robert Collins

Matrix Form, Homogeneous Coords

PC = R ( PW - C )





1000
10
01
00

z

y

x

c
c
c

0
0
1

1
W
V
U

1000

r13r12r11
r23r22r21
r33r32r31

1
Z
Y
X
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Example: Simple Stereo System

X

Y Z

located atlocated at
(0,0,0)(0,0,0)

left
camera

zz

xx

yy

(X,Y,Z)

TTxx

right
camera
located atlocated at
(T(Txx,0,0),0,0)

zz

xx

yy
(    ,    )

(    ,    )

Left camera located at world origin (0,0,0)
and camera axes aligned with world coord axes.
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1000
10
01
00

z

y

x

c
c
c

0
0
1

1000

r13r12r11
r23r22r21
r33r32r31

1
Z
Y
X

1
W
V
U

Simple Stereo, Left Camera

1   0   0
0   1   0
0   0   1

camera axes aligned
with world axes

0
0
0

located at world 
position (0,0,0)

=
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1000
10
01
00

z

y

x

c
c
c

0
0
1

1000

r13r12r11
r23r22r21
r33r32r31

1
Z
Y
X

1
W
V
U

Simple Stereo, Right Camera

1   0   0
0   1   0
0   0   1

camera axes aligned
with world axes

-Tx
0
0

located at world 
position (Tx,0,0)

=
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Right camera

Simple Stereo Projection Equations
Left camera
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figure out the rotation





1000
10
01
00

z

y

x

c
c
c

0
0
1

1
W
V
U

1000

r13r12r11

r23r22r21

r33r32r31
1
Z
Y
X

PC = R PW

forget about this
while thinking
about rotations

This equation says how vectors in the world coordinate 
system (including the coordinate axes) get transformed 
into the camera coordinate system.
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Figuring out Rotations

1
W
V
U

1000

r13r12r11

r23r22r21

r33r32r31
1
Z
Y
X

PC = R PW

what if world x axis (1,0,0) corresponds to camera axis (a,b,c)?

1
W
V
U

1000

r13r12r11

r23r22r21

r33r32r31
1
Z
Y
X 1

0
0

a
b
c

1
W
V
U

1000

r13r12r11

r23r22r21

r33r32r31
1
Z
Y
X 1

0
0

a
b
c

a
b
c

we can immediately write down the first column of R!
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Figuring out Rotations

1
W
V
U

1000

r31r21r11

r32r22r12

r33r23r13

1
Z
Y
X

Alternative approach: sometimes it is easier to specify
what camera X,Y,or Z axis is in world coordinates.  Then
do rearrange the equation as follows.

PC = R PW R-1PC = PW RTPC = PW
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Figuring out Rotations

1
W
V
U

1000

r13r12r11

r23r22r21

r33r32r31
1
Z
Y
X

and likewise with world Y axis and world Z axis...

axis is world coordssame axis in camera coords

world X axis (1,0,0)
in camera coords

world Y axis (0,1,0)
in camera coords

world Z axis (0,0,1)
in camera coords
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Figuring out Rotations

1
W
V
U

1000

r13r12r11

r23r22r21

r33r32r31
1
Z
Y
X

and likewise with camera Y axis and camera Z axis...

axis is world coordssame axis in camera coords

camera X axis (1,0,0)
in world coords

camera Y axis (0,1,0)
in world coords

camera Z axis (0,0,1)
in world coords

68



CSE486, Penn State
Robert Collins Note: External Parameters

also often written as R,T
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00
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U
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1
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tx

1000

r13r12r11
r23r22r21
r33r32r31

ty
tz

R ( PW - C )
= R PW - R C
= R PW + T
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Summary

U

V

W

X

Y

Z

x
y

u
v

World

Coords

Camera

Coords
Film

Coords
Pixel

Coords

We now know how to transform 3D world 

coordinate points into camera coords, and 

then do perspective project to get 2D points

in the film plane.

Next time: pixel coordinates
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Intrinsic Camera Parameters

U
V
W

X
Y
Z

x
y

u
v

World
Coords

Camera
Coords

Film
Coords

Pixel
Coords

Affine Transformation
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Intrinsic parameters

• Describes coordinate transformation 
between film coordinates (projected image) 
and pixel array

• Film cameras: scanning/digitization
• CCD cameras: grid of photosensors

still in T&V section 2.4
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Intrinsic parameters (offsets)
film plane
(projected image)

x

y

(0,0)

u (col)

v (row)

(0,0)

pixel array

yo

xo

xou
Z
Xf  yov

Z
Yf 

ox and oy called image center or principle point
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Intrinsic parameters

film plane

x

y

(0,0)

u (col)

v (row)

(0,0)

pixel array

yo

xo

sometimes one or more coordinate axes are flipped (e.g. T&V section 2.4)

xou
Z
Xf  yov

Z
Yf 
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analog

Intrinsic parameters (scales)

pixel array

sampling determines how many rows/cols in the image

C cols x R rows

film scanning 
resolution

CCD

resample
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Effective Scales: sx and sy

O.Camps, PSU

xou
Z
Xf  yov

Z
Yf 

1
sx

1
sy

Note, since we have different scale factors in x and y,
we don’t necessarily have square pixels!

Aspect ratio is  sy / sx
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Perspective projection matrix

      
1

0
0
0

10
/
0

0
0
/

'
'
'




















































Z
Y
X

o
o

sf
sf

z
y
x

y

x

y

x

O.Camps, PSU

Adding  the intrinsic parameters into the
perspective projection matrix:

xou
Z
Xf 

1
sx

yov
Z
Yf 

1
sy

u
z’
x’



v
z’
y’



To verify:
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Note:

Sometimes, the  image and the camera coordinate systemsSometimes, the  image and the camera coordinate systems
have opposite orientations:  [the book does it this way]  have opposite orientations:  [the book does it this way]  
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Note 2

      
1

0
0
0

1
0
0

0

0

0
0

'
'
'




















































Z
Y
X

f
f

z
y
x

100

a13a12a11

a23a22a21
w’
v’
u’

In general, I like to think of the conversion as
a separate 2D affine transformation from film
coords (x,y) to pixel coordinates (u,v):

u = Mint PC = Maff Mproj PC

MprojMaff
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Summary : Forward Projection

U
V
W

X
Y
Z

x
y

u
v

World
Coords

Camera
Coords

Film
Coords

Pixel
Coords

Mext Mproj Maff

M
U
V
W

u
v

34

24

14

33

23

13

31

22

12

31

21

11

m
m
m

m
m
m

m
m
m

m
m
m

MintU
V
W

X
Y
Z

u
v

Mext
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Projection Models

Perspective Weak Perspective /Orthographic

Increasing Focal Length / Distance from Camera

��
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Orthographic Projection

Camera
Coordinate

System

Image Coordinate System
Image Plane

Camera
Center

Light Ray

Orthographic projection of a �D point xc 2 R3 to pixel coordinates xs 2 R2:
I The x and y axes of the camera and image coordinate systems are shared
I Light rays are parallel to the z-coordinate of the camera coordinate system
I During projection, the z-coordinate is dropped, x and y remain the same
I Remark: the y coordinate is not shown here for clarity, but behaves similarly

��
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Scaled Orthographic Projection

In practice, world coordinates (which may measure dimensions in meters) must be
scaled to �t onto an image sensor (measuring in pixels) ) scaled orthography:

xs =

"
s 0 0

0 s 0

#
xc , x̄s =

2

64
s 0 0 0

0 s 0 0

0 0 0 1

3

75 x̄c

Remark: The unit for s is px/m or px/mm to convert metric �D points into pixels.

Under orthography, structure and motion can be estimated simultaneously using
factorization methods (e.g., via singular value decomposition).

��
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Slide Credits

• Marc Levoy – Digital photography course at Stanford
• Robert Collins – Computer Vision at Penn. State University
• Andreas Geiger – Computer Vision at University of Tübingen
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