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Increasing complexity of our models

Trandormations

VEterias lignting, ...




How can we describe geometry?
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How can we describe geometry?

IMPLICIT LINGUISTIC EXPLICIT
A y2 — 1 unit circle (COS §. sin 9)
T Y
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Examples of geometry
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Examples of geometry
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Given all these options, what is
the best way to encode geometry
on a computer?




it's a jungle out there!




No one “best” choice—geometry is hard!

“I hate meshes.
I cannot believe how hard this is.
Geometry is hard.”

—David Baraff

Senior Research Scientist
Pixar Animation Studios

Slide cribbed from Jeff Erickson. (MU 15-462/662



Many ways to digitally encode geometry

* EXPLICIT

* point cloud
* polygon mesh
e subdivision, NURBS

* IMPLICIT

level set
algebraic surface

L-systems

 Each choice best suited to a different task/type of geometry

13



"Implicit" Representations of Geometry

* Points aren't known directly, but satisfy some relationship
 E.g., unit sphere is all points such that x?+y?+z?=1

* More generally, f(x,y,z) =0



Surfaces as an Implicit Function

r(), if p € outside o
1, if p €inside =

15



Many implicit representations in graphics

algebraic surfaces
constructive solid geometry
level set methods
blobby surfaces
fractals ‘

(Will see some of these a bit later.)

(MU 15-462/662



But first, let’s play a game:
I'm thinking of an implicit surface f(x,y,z)=0.

Find any point on it.



Let’s play another game.
| have a new surface f(x,y,z) = x2 + y2 + 22- 1.

| want to see if a point is inside it.



Check if this point is inside the unit sphere
How about the point (3/4,1/2,1/4)?

9/16 + 4/16 +1/16 = 7/8 y

7/8<1
YES.

Implicit surfaces make other tasks easy (like inside/outside tests).

(MU 15-462/662
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Algebraic Surfaces (Implicit)

 Surface is zero set of a polynomial inx, y, z

T 0O v

B +y*+22=1 22 4 y2)% 4 22 = 2

* What about more complicated shapes?

* Very hard to come up with polynomials!

20



Constructive Solid Geometry (Implicit)

* Build more complicated shapes via Boolean operations

* Basic operations: PN -
¢ . INTERECION

* Then chain together expressions: (XNY)\ (UUVUW)

21



Blending Distance Functions (Implicit)

A distance function gives distance to closest point on object
* Can blend any two distance functions d,, d,:

PP PO e

e Similar strategy to points, though many possibilities. E.g.,

«— dle d2x2
f(z) = eh @) 4 d2(2) _%

e Appearance depends on how we combine functions

* Q: How do we implement a Boolean union of d,(x), d,(x)?
* A: Just take the minimum: f(x) = min(d,(x), d,(x))

22



Scene made of pure signed distance functions
Art with math -- really hard!

Shaderwy Browse New  SignIn

+ o
» Shader Inputs

float columna( vec3 pos, float offx

float x = pos.x
float y = pos.y
float z = pos.z

float y2=y-0.40
float y3=y-0.35
float y4=y-1.00

float di = udSqBox( vec3(x, y , z vec3(0.10, 1.00, 0.10
di = min( di, udSqBox( vec3(x, y , z), vec3(0.12, 0.40, 0.12
di = min( di, udSqBox( vec3(x, y , z), vec3(0.05, 0.35, 0.14
di = min( di, udSqBox( vec3(x y z vec3(0.14, 0.35, 0.05
di = min( di, udSqBox( vec3(x, y4 vec3(0.14, 0.02, 0.14
di = min( di, udSqBox( vec3((x-y2 *0 7071, (y2+x)%x0.7071, z), vec3(0.10%0.7071, 0.10%0.707
di = min( di, udSqBox( vec3(x, (y2+z)x0.7071, (z-y2)%0.7071), vec3(0.12, 0.10%0.7071, 0.1x
di = min( di, udSqBox( vec3((x-y3)%0.7071, (y3+x)*0.7071, z vec3(0.10x0.7071, 0.10%0.707
di = min( di, udSqBox( vec3(x, (y3+z)%0.7071, (z-y3)*0.7071), vec3(0.14, 0.10x0.7071, 0.10
M P 1959 39.7fps 1280 x 720 o 4 I3 1 i
- 3 < ) . 84 . Al and L Ll (0210 13, SR I, WL, BUIWI W, WA DYV W . _
SIlseSIx (2008) 1 4 Complled in 0.1 secs 8868 chars €8 ?
Views: 3904, Tags: Created by iq in 2021-07-22
procedural, 3d, raymarching, distancefield, sdf, demoscene
A Shader I made in 2008. While not my first raymarched SDF, this was my first SDF based content creation exercise.
Lots of the usual SDF techniques are used, although soft shadows and smooth minimum were not fully evolved yet.
Comments (15)
iChannel0 iChannell iChannel2 iChannel3

Sign in to post a comment.

https://www.shadertoy.com/view/NtISDs ”
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Distance field, field normals and closest points

* Distance to surface is given by the distance field itself f(p)
— mi _ _ 3 _
flp)=minflp-al  S={peR’|f(p)=0)}

* Surface normal are the gradients of the function

* Closest points are found trivially as:

a=p— f(P)Vpf(p)

25



Surface Reconstruction from Implicit

'025

Representation

* Implicit surfaces have some nice
features (e.g., merging/splitting)

* But, hard to describe complex
shapes in closed form

 Alternative: store a grid of values
approximating function

 Surface is found where
interpolated values equal zero
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Marching Cubes

1. Read four slices into memory. SOTTTITTTUTTTUA

2. Scan two slices and create a LT T T T T 7T T T 7 dataset
cube from four neighbors on B B boungary
one slice and four neighbors 7 . /_'T'_'_'_/'._/\
on the next slice. P )

No U seWw

27



Marching Cubes

1 "l i
2 } _____ ) K _____
3. Calculate an index for the r— o —

cube by comparing the

eight density values at the 4

cube vertices with the ) 4. Ay 2

SU rface Consta nt. case 5 case 6 case 7 case 8 case 9
4. Using the index, look up the #§ ’

- | | 17 Y4
list of edges from a LN Sﬂ i " [N &/ /
precalculated table. / x L 4 \ p

case 10 case 11 case 12 case 13 case 14

28



Marching Cubes

s wh e

Using the densities at each edge vertex, find the surface-edge

intersection via linear interpolation

6. Calculate a unit normal at each cube vertex using central
differences. Interpolate the normal to each triangle vertex

7. Output the triangle vertices and vertex normals.



Marching Cubes
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Challenges with Marching Cubes

* Generating one polygon for each portion of the contour
e Can only approximate the restriction of the contour

* Fails to capture the sharp detail of the surface

e Difficult to simplify the generated surface mesh

* Becoming challenging to extract surface for higher grid sizes (3D
uniform grid induces cubic cost in resolution)



Dual Contouring

e Can capture sharp edges along corners of surface

* Can leverage gradient information along edge intersections to reproduce a
wide class of polyhedral shapes as well as curved or sharp edges

 Utilizes octree in place of a 3D uniform grid for better efficiency

e Uses normals to define Quadratic Error Function for each leaf of the octree,
inspired by original Extended Marching Cubes (EMC)

E[x] = zi (n; * (x - p;)?

where pi and ni correspond to the intersections and normals of the contour
with the edges of cube



Dual Contouring

Signed Grid with edges Marching Cubes Contour Dual Contour
tagged by Hermite Data



Challenges with Dual Contouring

* Limited expressivity due to reliance on structured grids

* Cannot faithfully extract very thin surfaces and features (otherwise
requiring very fine grid resolution)

* Limited by the amount of surface simplification



Dual Marching Cubes

* Align features of the implicit function with the features of the
structured grid; enabling extraction of sharp features

e Can generate adaptive polygonalizations that are crack-free and
topologically manifold

* Can reproduce thin features in surface without excessive subdivision
of the octree



Dual Marching Cubes

DMC's QEF is calculated by computing a tangent planes to the implicit
surface representation f on a grid of points (x, y,, z.) sampled over c.

Tangent plane's equation: Ti(x, vy, z) = Vf(x, vy, z) ((x, ¥, 2) - (x,, ., )
DMC's QEF sums over all sample points yielding:

E(f(x, v, 2), X, y, 2) = 2, (f(x, v, 2) - Tix, v, 2))¥/(1+| VE(x,, v;, Z))1?)
where the denominator normalizes the contribution of each tangent
plane



Comparison between Marching Cubes & Dual

Contouring & Dual Marching Cubes

O——o® @

Do

® ® ®

DC

B -& ®
® ® ®

®

— % ‘|:;
) ®
DMC
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Comparison between Marching Cubes & Dual
Contouring & Dual Marching Cubes

Ground Truth Dual Marching Marching Dual
Model Contour Contour Contour

38



10N

Flexible Iso-surface Extract

Flexi-Cubes

K7
EP VNS
TN,

DN

sjuadipead /m
Suejinsos]

Reference 91k tris

FLexiCuBEs 13k tris

DMTET 15K tris

Marching Cubes 15k tris

$38NDIXITH /M
suonedijddy

Developability

Tet-mesh physics simulation

Animated 3D reconstruction

Generative 3D modeling

3D reconstruction from images
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Challenges faced by Level Sets method

Although Level Set representation T o
provides much more explicit control 1 Wl
over shape (like a texture), it -y
* runs into problems of aliasing! (Unlike -

closed-form expressions)

* induces O(n3) storage costs for 3D
surface extraction

e cah save space by only storing a
narrow band around the surface.

40



Implicit Representations - Pros & Cons

Pros:

 description can be very compact (e.g., a polynomial)

* easy to determine if a point is in our shape (just plugitin!)
» other queries may also be easy (e.g., distance to surface)

* for simple shapes, exact description/no sampling error
 easy to handle changes in topology (e.g., fluid)

Cons:

* expensive to find all points in the shape (e.g., for drawing)
e very difficult to model complex shapes



"Explicit" Representations of Geometry

 All points are given directly
* E.g., points on sphere are (cos(u) sin(v), sin(u) sin(v), cos(v)),
for0<u<2rand 0<ov<7

* More generally: f:R? = R?; (u,v) — (z,y, 2)
2

= /‘/'
|

e (Might have a bunch of these maps, e.g., one per triangle!)

42



Many explicit representations in graphics

triangle meshes
polygon meshes
subdivision surfaces

NURBS
point clouds

e

* ill see some of these a bit Iater:)

(MU 15-462/662



But first, let’s play a game:
I'll give you an explicit surface.

You give me some points on it.



Sampling an explicit surface
My surfaceisf(u,v)=(1.23,u,v).

Just plug in any values u, v! 1y

Explicit surfaces make some tasks easy (like sampling).

45
CMU 15-462/662



Let’s play another game.
| have a new surface f(u,v).

| want to see if a point is inside it.



Check if this point is inside the torus

My surface is f(u,v) = ((2+cos u)cos v, (2+cos u)sin v, sin u )

How about the point (1.96, -0.39, 0.9)?
y

...NO!

Explicit surfaces make other tasks hard (like inside/outside tests).

a7
(MU 15-462/662



CONCLUSION:
Some representations work better
than others—depends on the task!



Point Clouds

* Easiest representation: list of points (x,y,z)
e Often augmented with normals

* Easily represent any kind of geometry
 Easy to draw dense cloud (>>1 point/pixel)
* Hard to interpolate under-sampled regions
* Hard to do processing / simulation/...

49




From Points to Surfaces

Why do we need surface reconstruction?

N ‘f\ {.. ‘/
<8 s o 9 L] 17
. ‘e .o. l. .o. :. t ."o U//
¢ .. ° * . . . [ ] ;/;,. . 2

® ; Y .’ .. o. . L . : . s ® .. 'I\\\
.o... .‘... * : 3&.&' . S
. j' . ..'.
Oriented Point Cloud (P, N) Watertight Surface Mesh

» Point clouds are discrete, unordered — no connectivity or topology

«  Downstream tasks (rendering, simulation, 3D printing) require a continuous surface
« Goal: a method that is global, robust to noise, and produces watertight meshes

« Key idea: recast surface reconstruction as solving a Poisson equation



Poisson Surface Reconstruction

0
0 .4 O
1+, #-.
\\\\ d 1 W\ X LN 0
~§ - ::': O <= O
- gt ; 0 *
’ - w 0 0
el 1 \‘w ‘ ........ 1. 0
Oriented points  Indicator gradient  Indicator fu
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0
nction Surface
oM

Kazhdan et al. PSR, ESGP, June 2006



Poisson Surface Reconstruction

Given an oriented point cloud P with points p,, ..., p, and
corresponding (outward-facing) normal observationsn,, ..., n, we
consider the implicit reconstruction task of finding a function f : R > R
such that

flp;)=0,Vf(p,)=n,,Vie{l,..., n}.

PSR first utilizes convolutional kernel F to interpolate n, into a vector
field V : R4 > RY defined in box B containing P as

V(x) = Z; F(x, x;) nn,

Kazhdan et al. PSR, ESGP, June 2006



Poisson Surface Reconstruction

f : R4 = Ris then defined as a function whose gradient best matches V

f =argmin | 5 IV(x) = Vg(x) I, dx
Variational problem above is equivalent to the Poisson Equation
Af =V V(x)

which is solved by PSR via discretization using the Finite Element
Method on an octree and solve using a purpose-built multigrid
algorithm

Kazhdan et al. PSR, ESGP, June 2006



Poisson Surface Reconstruction

f : R4 = Ris then defined as a function whose gradient best matches V

f =argmin | 5 IV(x) = Vg(x) I, dx
Variational problem above is equivalent to the Poisson Equation
Af =V V(x)

which is solved by PSR via discretization using the Finite Element
Method on an octree and solve using a purpose-built multigrid
algorithm. In Screened PSR (Kazhdan et.al, 2013) authors use

f =argmin [ 5 IV(x) - Vg(x) Il dx +a * 3, g(p,)?

Kazhdan et al. PSR, ESGP, June 2006



(Screened) Poisson reconstruction

e Can extract the surface from oriented point clouds
* (Screened PSR) efficiently implements sparsity constraints

e Can better capture the details of the underlying surface

* (Screened PSR) implements efficient octree structure and multigrid
algorithm to reduce the time complexity

However, these methods limit themselves to outputting the likeliest
surface given the point cloud observations and their assumed prior.
Whereas in reality there could be theoretically infinite number of
possible surfaces representing same set of Points with normals



(Screened) Poisson reconstruction

56
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Neural Stochastic Screened Poisson Surface
Reconstruction

* Take a step even further and models the posterior multivariate
Gaussian distributions representing the likelihood of all possible
reconstructions for the given Point Set with normals

* Proposes the parametrization of mean and covariance functions using
neural networks, optimizing them through gradient-based methods
for a more efficient and flexible approach

* Enabling computation of the statistical quantities over the
reconstruction

Sellan and Jacobson, Neural Stochastic Screened PSR, SIGGRAPH Asia 2023



Neural Stochastic Screened Poisson Surface
Reconstruction

Fine-tune our pretrained model to obtain new reconstruction

rotated
view

A | Surface
likelihood

Volumetric
likelihood

Mean

Wieara.

Initial scanned point cloud  Our reconstruction \j Statzstzctizé){gzﬂésrrg gg‘;}’{{i;g: ptimal Our updated reconstruction

Sellan and Jacobson, Neural Stochastic Screened PSR, SIGGRAPH Asia 2023



Neural Stochastic Screened Poisson Surface
Reconstruction
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Input

[Kazhdan et al. 2006] Ours

Sellan and Jacobson, Neural Stochastic Screened PSR, SIGGRAPH Asia 2023



Neural Stochastic Screened PSR

.

@

P(x € 09)

Mean Variance Pz € Q)

Sellan and Jacobson, Neural Stochastic Screened PSR, SIGGRAPH Asia 2023



Polygon Mesh

e Store vertices and polygons (most often triangles or quads)
* Easier to do processing/simulation, adaptive sampling

* More complicated data structures

* Irregular neighbourhoods

61



Triangle Mesh (Explicit)

e Store vertices as triples of coordinates (x,y,z)
e Store triangles as triples of indices (i,j,k)

* E.g., tetrahedron:  VERTICES  TRIANGLES 0
X z i 3 k
0: -1 —11' -1 0 g 1
1: 1 -1 1 0 3 2
2% 1 1 =1 3 0 1
38 -1 1 1 3 1 2
* Use barycentric interpolation to define points inside triangles:
i
Pj
9itoj+dr=1 pk/\f’i
¢i, 9j, P > 0 P,
: P = ¢ip; + ¢jP; t+ PrPy

Pk

(MU 15-462/662



Triangle Mesh — Normals (Explicit)

* Optionl: Normals per face (Phong)
P2

n = (pz —p1) X (ps —p1)
P1 D3

e Option2: Interpolate incident face normal at each vertex, and
interpolate with barycentric interpolation for points inside the
triangle

n(¢17 ¢27 ¢3) — ¢1n1 - ¢2n2 - ¢3n3




Distance gueries and closest points

* Smooth parametric surface

e Evaluation f(u, U)

* Normals TL(U, U) — fu(u, ?)) X fv (u, ?})

* Distance and closest point. Find surface point f(u,v) such that:

a— f(u,v)] x n(u,v) =0

e Mesh

e Distance and closest point:
* Find closest triangle and then find closest point in triangle, and then finding point in triangle
* Use Kd-tree, AAB Tree, to find closest triangles



Subdivision

* Alternative starting point for curves/surfaces: subdivision
e Start with "control curve"
* Repeatedly split, take weighted average to get new positions

* For careful choice of averaging rule, approaches nice limit curve
* Often exact same curve as well-known spline schemes!

< 3OO C

Q: Is subdivision an explicit or implicit representation?

65



Subdivision Surfaces in Computer Vision
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Cashman & Fitzgibbon. What shapes are dolphins?



Subdivision Surfaces (Explicit)

 Start with coarse polygon mesh ("control cage")
* Subdivide each element
* Update vertices via local averaging

* Many possible rules:
e Catmull-Clark (quads)
* Loop (triangles)

* Common issues:
* interpolating or approximating?
e continuity at vertices?

 Easier than splines for modeling; harder to evaluate pointwise
* Widely used in practice (2019 Academy Awards!)

67



Subdivision in Pixar (Pixar's "Geri's Game")

Fe deRxeet d, “Sibdivison Surfacesin Garader Aimation”

68



Slide credits and further reading

* Keenan Crane — Computer Graphics Lecture CMU 15-462/662.
Lecture 09:Introduction to Geometry.



Aligning Pointclouds to a Common Frame



Procrustes alignment

4

arg min
s,R.,t

problem definition

71



Rigid Alignment
How can we rigidly transform a set of points ?

* Translate it X' =X+t,t¢e R?
* Rotate it X"=R- X" R¢ SO(3)

* Today we’ll consider also
* Scale it X'=sX,5s€R



Optimisation Problem

R, t = ' Rx; +t — yi||”
s, R, arggﬁ;ﬂs x; +t — il



Quick recap of SVD

in general, applied to a real matrix:

A =UxV'

A =(M x N) real

U = (M x M) orthogonal, unit norm
v

(
= (N x N) orthogonal, unit norm
¥ =

M x N) diagonal

warning: this is not the vertex matrix!

74



* See also clarification slide 1 at the end of slide deck

Procrustes alignment steps
X,Y € RWx3)

X = [x; .. -Xn]T Y =[yi...yn]'  Matrices of points xiyi € RGXD
1y J 1

N 1 1
Y X =UXV Optimal rotation obtained by computing SVD
R = UVT on the point cross-covariance
t=sRx—y Translation is the centroid difference
tr(3) . . .
S — —— Scale is a quotient of eigenvalue sums

X1



Proof

R,t = j Rx; +t — y;|°
s, R,t =arg min » _[[sRx; +t —yi



Procrustes derivation: translation

X,Y € RWV*3)

x;,y; € RGXD

s,R,t =arg min F
s,R,t

Minimize the L2 distance between
transformed source points and target points

E = Z ”8sz +t — yiH2
= Z sRx; +t — Y'L')T(SRX'L' +t—y;)

= Z S X x; +tTt+ y;-ryz- -+ QSX-,{RTt — QSX;-FRTyZ- — 2"y,

77



Procrustes derivation: translation

We remove the elements that do not depend on the translation and solve for t.

t = argmtinE = argmtinZS%zTHq—l— tt + ¥y + 28X,LTRTt — 2sx, Rly; — 2t"y;
0

: T TRT T
argmtant t+2sx;, R't—2t'y;

2 i Xi

2

7 = >iYi Compute the centroid of the point clouds
N '’ N

t = arg mtinE = arg mtin(tT(2sR>_( +t—2y)) =y —sRx

So given s and R, we can compute the translation t

78



Procrustes derivation: Rotation

Subtract the centroid from the points to obtain a simpler expression for E

subject to R € SO(3)

Xi =X; — X, y;: =Yi—Y

E=Y |sRx; +t -yl = Z |sRx; — yil|?
t Optimal rotation does not depend on scale

R = arg m&n IRX? —Y'|%

79



Procrustes derivation: Rotation

Subtract the centroid from the points to obtain a simpler expression for E

X, =X —X,¥Vi =Y~y
E=Y |lsRx; +t—y;|* =Y [sRxX; — ¥i|?
) 7

. S Optimal rotation does not depend on scale
R = argmﬁnHRX - Y ||%

= arg m&n{RxT - Y, RXT —Y')
= arg min IRX"||% + [Y"[|7 —2(RX",Y")r  Rotation does not change norm!
= argmin IXTNE+ 1Y )7 - 2RX, Y ') R Inner product should be maximum!

= arg mRaX<R, Y X)p

—

80



Procrustes derivation: Rotation

Subtract the centroid from the points to obtain a simpler expression for E

Xi =% —XYi=Yi—y Optimal rotation does not depend on scale

E=) |sRx;+t—yi|>=)_|sRx; - yi|®
7

1
R = arg mfi{n IRX? — Y%
= arg mfi{n(RXT ~ YT RXT - YT

= argmin [RXT || + [V — 2(RXT, YT p Rotation does not change norm!
= argmin IXTN% + YT )% — 2(RXT, YT & Inner product should be maximum!
= arg maX(R, YTX)r Cross-covariance matrix

= arg maX<R, UV SVD decomposition
= arg maX(UTRV, Y
= arg max(S ¥)p  where S = U'RV



Procrustes derivation: Rotation

= argmax(S, X)r  where § = UTRV

What kind of matrixis § ?

What kind of matrix is };?

82



Procrustes derivation: Rotation

= argmax(S, X)p  where S = U'RV

What kind of matrix is § ? Orthogonal

What kind of matrix is ) ? Diagonal

Hence the quantity above is maximised when S equals the identity, hence:

I=U'RV

SVD of cross-covariance of pointsclouds
R=UV"

YIX =Uxv?

83



Procrustes derivation: scale

Optimize scale given the rotation

s = argmin ¥ = arg min(z $°%;' % + Vil — 23>E7LTRT577J)
S S ;

_ . 2 ~ T\ =Lk » 11 We used:
— aIg l’IlSHl(S Z(X?’ Xz) 2s Z(X?’ R yz)) 1)  Trace invariance with shifts
i 7 2) Y'X=Uxv?' R=UV"’
Z()E,L-TRT%-)) 3) Trace equals sum of
o . 9 L p eigenvals for square
— alg IIllIl(S a — ZSb) - - matrices
s a > (xi'%,)

1

tr(XRTYT)  tr(RTYTX) tr(VUTUSVTY) (%)

IXIE X IXI1% X7




Slide credits and further reading



Hands-On Al Based 3D Vision
Summer Semester 26

Lecture 5 2 — Procrustes Alignment
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Goal: learn a model of pose and shape

X = {Xposea Xshape}
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To learn a model we need correspondence
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Non-rigid Articulated Registration




Today: Rigid Alignment (Procrustes

sR-XT +t) = X7
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Mesh

Surface representation

NAYAVAY!

OAVANAYE g s

A

IR
AAASN]
TATAYAN N RN

[

LT

g

o
(e)]




Mesh

Surface representation
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Surface representation: Mesh

How can we rigidly transform a set of points ?

* Translate it X' =X+t,t¢e R?
* Rotate it X"=R- X" R¢ SO(3)

* Today we’ll consider also
* Scale it X'=sX,5s€R



Rigid transformation + scale

R:R> - R?

\ x' = Rx




Rigid transformation + scale

R:R> — R’




Rigid transformation + scale




Rigid transformation + scale




INnition

S

Procrustes alignment problem def
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Procrustes alignment problem definition
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Procrustes alignment problem definition

4

arg min
s,R.,t

102



Why Procrustes?

&)

The name Procrustes (Greek: Mpokpouotnc) refers to a bandit from Greek mythology who

made his victims fit his bed either by stretching their limbs or cutting them off.

Prcrustes means “he who stretches” 103


https://en.wikipedia.org/wiki/Procrustes
https://en.wikipedia.org/wiki/Greek_language

Optimisation Problem

R, t = ' Rx; +t — yi||”
s, R, arggﬁ;ﬂs x; +t — il



Quick recap of SVD

A
>
A
VT U
Y
. )
)-

A=UxvT



Quick recap of SVD

in general, applied to a real matrix:

A =UxV'

A =(M x N) real

U = (M x M) orthogonal, unit norm
v

(
= (N x N) orthogonal, unit norm
¥ =

M x N) diagonal
warning: this is not the vertex matrix!
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* See also clarification slide 1 at the end of slide deck

Procrustes alignment steps
X,Y € RWx3)

X = [x; .. -Xn]T Y =[yi...yn]'  Matrices of points xiyi € RGXD
1y J 1

N 1 1
Y X =UXV Optimal rotation obtained by computing SVD
R = UVT on the point cross-covariance
t=sRx—y Translation is the centroid difference
tr(3) . . .
S — —— Scale is a quotient of eigenvalue sums

X1



Proof

R,t = j Rx; +t — y;|°
s, R,t =arg min » _[[sRx; +t —yi



Procrustes derivation: translation

X,Y € RWV*3)

x;,y; € RGXD

s,R,t =arg min F
s,R,t

Minimize the L2 distance between
transformed source points and target points

E = Z ”8sz +t — yiH2
= Z sRx; +t — Y'L')T(SRX'L' +t—y;)

= Z S X x; +tTt+ y;-ryz- -+ QSX-,{RTt — QSX;-FRTyZ- — 2"y,

109



Procrustes derivation: translation

We remove the elements that do not depend on the translation and solve for t.

t = argmtinE = argmtinZS%zTHq—l— tt + ¥y + 28X,LTRTt — 2sx, Rly; — 2t"y;
0

: T TRT T
argmtant t+2sx;, R't—2t'y;

2 i Xi

2

7 = >iYi Compute the centroid of the point clouds
N '’ N

t = arg mtinE = arg mtin(tT(2sR>_( +t—2y)) =y —sRx

So given s and R, we can compute the translation t

110



Procrustes derivation: Rotation

Subtract the centroid from the points to obtain a simpler expression for E

subject to R € SO(3)

Xi =X; — X, y;: =Yi—Y

E=Y |sRx; +t -yl = Z |sRx; — yil|?
t Optimal rotation does not depend on scale

R = arg m&n IRX? —Y'|%
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Procrustes derivation: Rotation

Subtract the centroid from the points to obtain a simpler expression for E

X, =X —X,¥Vi =Y~y
E=Y |lsRx; +t—y;|* =Y [sRxX; — ¥i|?
) 7

. S Optimal rotation does not depend on scale
R = argmﬁnHRX - Y ||%

= arg m&n{RxT - Y, RXT —Y')
= arg min IRX"||% + [Y"[|7 —2(RX",Y")r  Rotation does not change norm!
= argmin IXTNE+ 1Y )7 - 2RX, Y ') R Inner product should be maximum!

= arg mRaX<R, Y X)p

—
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Procrustes derivation: Rotation

Subtract the centroid from the points to obtain a simpler expression for E

Xi =% —XYi=Yi—y Optimal rotation does not depend on scale

E=) |sRx;+t—yi|>=)_|sRx; - yi|®
7

1
R = arg mfi{n IRX? — Y%
= arg mfi{n(RXT ~ YT RXT - YT

= argmin [RXT || + [V — 2(RXT, YT p Rotation does not change norm!
= argmin IXTN% + YT )% — 2(RXT, YT & Inner product should be maximum!
= arg maX(R, YTX)r Cross-covariance matrix

= arg maX<R, UV SVD decomposition
= arg maX(UTRV, Y
{

= arg max S,¥)p  where S = UTRV
113



Procrustes derivation: Rotation

= argmax(S, X)r  where § = UTRV

What kind of matrixis § ?

What kind of matrix is };?
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Procrustes derivation: Rotation

= argmax(S, X)p  where S = U'RV

What kind of matrix is § ? Orthogonal

What kind of matrix is ) ? Diagonal

Hence the quantity above is maximised when S equals the identity, hence:

I=U'RV

SVD of cross-covariance of pointsclouds
R=UV"

YIX =Uxv?
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Procrustes derivation: scale

Optimize scale given the rotation

s = argmin ¥ = arg min(z $°%;' % + Vil — 23>E7LTRT577J)
S S ;

_ . 2 ~ T\ =Lk » 11 We used:
— aIg l’IlSHl(S Z(X?’ Xz) 2s Z(X?’ R yz)) 1)  Trace invariance with shifts
i 7 2) Y'X=Uxv?' R=UV"’
Z()E,L-TRT%-)) 3) Trace equals sum of
o . 9 L p eigenvals for square
— alg IIllIl(S a — ZSb) - - matrices
s a > (xi'%,)

1

tr(XRTYT)  tr(RTYTX) tr(VUTUSVTY) (%)

IXIE X IXI1% X7
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Non-rigid Articulated Registration




What is missing?

Given correspondences, we can find the optimal rigid alignment with
Procrustes.

PROBLEMS:
* How do we find the correspondences between shapes ?
* How do we align shapes non-rigidly ?



|ICP and alignment based on optimisation

e Optimising alignment and correspondences using Iterative Closest
Point (ICP).

* Alignment through continuous optimisation.



How do we find correspondences?
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How do we find correspondences?
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How do we find correspondences?
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How do we find correspondences?
b= Z IsRx; +t — yill* = Z |f (x2) — yill?

X4 Closest point to target shape point Yi

The optimisation is over:
e the transform f
e the correspondences C = {(x;,y;)}

E(C,f) =) min|f(x) -y’

1



How do we find correspondences?

The idea was to minimise the sum of distances between the one set of
points and the other set, transformed

E = Z |sRx; +t —y;||* = Z If (x:) = yill?



ldeas

The idea was to minimise the sum of distances between the one set of
points and the other set, transformed

E = Z |sRx; +t —y;||* = Z If (x:) — yill?

What if we estimate the correspondences?



Solution: Iteratively find correspondences

The idea was to minimise the sum of distances between the one set of
points and the other set, transformed

E = Z |sRx; +t —y;||* = Z If (x:) — yill?

What if we estimate the correspondences?

- ierston 2
1 — arg min | 19(x) - il

. , "
it = arg m;nz If (T — vl 2
1

X



Alternate between finding correspondences
and finding the optimal transformation

The idea was to minimise the sum of distances between the one set of
points and the other set, transformed

E = Z |sRx; +t —y;||* = Z If (x:) — yill?

What if we estimate the correspondences?

- ierston 2
1 — arg min | 19(x) - il

. , "
it = arg m;nz If (T — vl 2
1

X



Make up reasonable correspondences
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Make up reasonable correspondences

L fP={R=Lt=0,s=1}

xo = arg min | /°(x) — yol|°




Make up reasonable correspondences

P ={R=ILt=0,s=1}

1

x; = argmin || f7(x) =y



Solve for the best transformation

..............
..........

CETN

x; = arg min 170(x) — yi

—f = argm}nz If(x;) — yi



Apply it ...




and iterate!
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and iterate!
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and iterate!
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and iterate!
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and iterate!
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Iterative Closest Point (ICP)

1. Initialize O fR=Tt— ZTY _




Iterative Closest Point (ICP)

1. Initialize P ={R=1Lt= ENYi — ZNXi,s =1}

2. Compute correspondences according to current best transform

j+1 _ : j 2

x; = argmin || f’/(x) —yi|
xeX



Iterative Closest Point (ICP)

1. Initialize P ={R=1Lt= ZNYi — ENXi,s =1}

2. Compute correspondences according to current best transform

1 are min || £(x) — v4]2
x/! = arg min | £7(x) - vl

3. Compute optimal transformation (s, R, t )with Procrustes
It — arg min x T — i 2
pH = argmin 3210 - il



Iterative Closest Point (ICP)

1. Initialize 0 — Rzlt:ZYi_zxi — 1
fo={R=Tt= =0 - =X 1)
2. Compute correspondences according to current best transform
X/ = argmin || /7(x) — yi?
Xec

3. Compute optimal transformation (s, R, t )with Procrustes
It — arg min x T — i 2
pH = argmin 3210 - il

4. Terminate if converged (error below a threshold), otherwise iterate



Iterative Closest Point (ICP)

1. Initialize _ S =
N N
2. Compute correspondences according to current best transform
j+1 _ Sy 112
xI*1 = arg min ||/ (x) - yi

3. Compute optimal transformation (s, R, t )with Procrustes
It — arg min x T — i 2
pH = argmin 3210 - il

4. Terminate if converged (error below a threshold), otherwise iterate

5. Converges to local minima



s ICP the best we can do?

Iteration j:

* compute closest points
* compute optimal transformation with Procrustes
e apply transformation

e terminate if converged, otherwise iterate



Closest points

* Brute force is O(n?)

* For every source point find a neighbor point on the source shape

o SR



Closest points

« Tree based methods (e.g. kdtree) have avg. complexity log(n)

e Random point sampling also reduces the running time



ICP: Tips to avoid local minima

* Always find correspondences from target to source!
Proper data term

e Outliers —> Robust cost functions
e Use additional information (e.g. normals)
 Compute transformation based on greedy subsets of points: RANSAC



A much better objective: Point-to-surface
distance

.Y2€Y

Yo €Y yiey



Closest points: avoid local minima

Point-to-point distance
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Closest points: avoid local minima

Point-to-surface distance



s ICP the best we can do?

Iteration j:

* compute closest points
* compute optimal transformation with Procrustes
e apply transformation

e terminate if converged, otherwise iterate



Best transformation?

* Procrustes gives us the optimal rigid transformation and scale given
correspondences

* What if the deformation model is not rigid ?

e Can we generalise ICP to non-rigid deformation ?



'terative Closest Point (ICP)

Iteration j:

* compute closest points =»
* compute optimal transformation with Procrustes
e apply transformation

e terminate if converged, otherwise iterate



'terative Closest Point (ICP)

Iteration j:

* compute closest points =»
* compute optimal transformation with Procrustes =»
e apply transformation

* terminate if converged, otherwise iterate



Gradient-based ICP

Iteration j:

* compute closest points = \Which direction to move?

Compute descent step by linearising the energy

: Jacobian of distance-based energy
e apply transformation

* terminate if converged, otherwise iterate



Gradient-based ICP

f

arg min F — arg min x)th — 12
g (f) = argmi E@_:Ilf(z ) — yil

* If fis a rigid transformation we can solve this minimisation using
Procrustes

* If fis a general non-linear function ?
» Gradient descent: f*™' = f¥ — AVE(f)

* For least squares, is there a better optimisation method ?
yes: Gauss-Newton based methods.
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Gradient-based ICP

1. Energy: B = Z | min f(x) — yill®

2. Consider the correspondences fixed in each iteration j+1
I+l _ £ () — v ]2
x/*! = argmin || £/ (x) - yi

3. Compute gradient of the energy around current estimation
g’ = VE(f)
4. Apply step (gradient descent, dogleg, LM, BFGS...)
fj+1 _ kstep(go'"j_l—l, fO---j) (for example  fi+1 — i _ ggi+}
5. terminate if converged, otherwise iterate (go to step 2)



Gradient-based ICP




Why is convergence on the left less smooth?

Point to point objective Point to surface objective

159



Gradient-based ICP

 Compute gradient of the energy around current estimation

fj—l—l — kstep(go...j—f—l’f()...j)



Gradient-based ICP

* Gradient: derivative of the sum of squared
distances with respect to transformationf £ = Z | m}jﬂ f(x) —yill”
parameters z
gt =VE(f)



Gradient-based ICP

* Gradient: derivative of the sum of squared
distances with respect to transformationf £ = Z | m}jﬂ f(x) —yill”
parameters z
gt =VE(f)

* Each derivative is easy
* Who wants to writes it down?



Gradient-based ICP

* Gradient: derivative of the sum of squared _ ,
distances with respect to transformationf £ = Z | min f(x) =il

parameters | |
gt = VE(f)

* Each derivative is easy
* Who wants to writes it down?

e Chain rule and automatic differentiation!



Automatic differentiation

E=Y) |sRx;+t—y’




Gradient-based ICP

* Apply step (gradient descent, dogleg, LM, BFGS...)

fj—l—l — kstep(go...j—f—l’f()...j)



Why Gradient-based ICP?

* Formulation is much more generic: the energy can incorporate other
terms, more parameters, etc

* A lot of available software for solving this least squares problem (cvx,
ceres, ...)

* However, the resulting energy is non-convex for general deformation
models. Optimisation can get trapped in local minima.



Take-home message

- Procrustes is optimal for rigid alignment problems with known
correspondences. For other problems:

- We can compute correspondences and solve for the best
transformation iteratively with Iterative Closest Point (ICP)



Slide credits

e Javier Romero



