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Introduction



The Structure from Motion Problem

Given large amounts of images of a scene, we want to simultaneously
® Find out where they were taken from
® Build a (sparse) 3D model of the scene




Photo Tourism

Photo Tourism

Exploring photo collections in 3D

Noah Snavely Steven M. Seitz  Richard Szeliski
University of Washington Microsoft Research

SIGGRAPH 2006

Snavely et al. SIGGRAPH 06



Building Rome in a Day

Agarval et al. ICCV’09



SfM Problem

Given: m images of n fixed 3D points
such that

llfj — PIXJ

Task: Jointly Estimate
® camera matrices P;
® 3D points X;

This lecture:

Cameral ‘? Camera 3
K'I " R]l t'l ° K R
R A1) t?
Camera 2
KE: RZ; tZ

® | ook at case where m = 2 (epipolar geometry)

® Extend to more m (bundle adjustment, SfM)



A Note on Correspondences

Throughout, we will assume to have access to precomputed 2D-2D correspondences:

u;;

j ~ uyj correspond to point X ; being viewed from cameras i, i’

We do not assume they are correct, i.e. we allow wrong correspondences and outliers.




A Note on Correspondences

® Rich literature on feature detection algorithms
® SIFT, SURF ORB, SuperPoint, ...

® This lecture will not deal with how to detect and match features




3 Components of STM

From correspondences, infer 3D Points
(Structure)

® camera poses (motion),

® 3D points (structure)

Related but simpler:

® Triangulation

® Pose estimation (PnP) Camera Poses
Correspondences | (Motion)

Typically, first solve for motion, then infer 3D Points via triangulation.
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Triangulation

Setting: A point X with unknown 3D position is
observed by 2 cameras.

Task: Find the 3D position of X

If observations are perfect, the two vieweing
rays should intersect exactly at X.

In noisy settings, we have to find the point of
minimum distance to both rays.




Linear Triangulation

® Assumption: X is projected to u ~ PX by camera matrix
® WehaveuxXxPX =0

® (Can be rewritten as

x] [PIX
y|Ix|PIX|=0.
1

1] P3X

® The cross product evaluates to

YPIX —P)X
P X-xP:X |=0

xPX - yP/X

® | astrow is linear combination of first two



Linear Triangulation

® \We get the linear equations:
T
yP; —P
X =
] x

® Asingle camera is of course not enough to triangulate a point

e et P’ be projection matrix of another camera and u’ projection of X

® \We can setup the linear system

_ T T —
yP3 =P,
P/ — xP;
rp!T 1T

yflT)3 _IP%T

_P1 — X P3 i

® Can be solved in the least squares sense using SVD.



Epipolar Geometry



Estimating Camera Poses from Correspondences

Camera Poses
Correspondences ;
* d ‘ (Motion) }




Epipolar Geometry: Setup

A scene is viewed by two cameras from slightly different angles Camera views:

vl
A




Epipolar Geometry: The Epipolar Plane

® Each 3D point forms a plane with the two camera centers ,
Camera views:

#
A

® This is called epipolar plane
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Epipolar Geometry: The Epipoles

® Baseline is always part of epipolar plane ,
Camera views:

‘.
X

® Epipolar points: Intersections of baseline with image planes




Epipolar Geometry: The Epipolar Points

® Epipolar Points must not always lie within the images
® Can also lie at infinity




Epipolar Geometry: The Epipolar Lines

® Epipolar lines: Intersection of image planes with epipolar plane

Camera views:

® Projection of other camera’s viewing ray onto image plane




Epipolar Geometry: The Epipolar Lines

All epipolar lines converge in epipolar points (can be inside or outside of image)




Epipolar Geometry: The Epipolar Lines

All epipolar lines converge in epipolar points (can be inside or outside of image)




Epipolar Lines




2D Point Matching with Epipolar Lines

Given:

® ) images

® point in one image

Task:
Find point in other image e =

" ‘\ s = -~
Wl
h NG WA LN rwmer T '/ B




2D Point Matching with Epipolar Lines

® Corresponding point must lie on epipolar line!
® Thisis a1 dimensional search space

RN




Epipolar Geometry: Overview

Image Point

Epipolar Plane

3D Point

Image Point

Epipolar Points

We can derive a neat equation called epipolar constraint that encodes all of these

relationships.



Formal Setup

Setting:
3D point X viewed from two cameras. We take ¢;’s
frame as world frame.

® relative pose R =R, t =t

® camera matrices

PO —_— Ko[I, 0]
P, = K,[R!, —R'{]

Projection of X onto the images planes: u; ~ P, X. (R,t)



The Epipolar Constraint

Ray directions in local camera frames:
Xy = Kaluo X; = Kl_lul
Ray directions in global frame:
X0 = X X; = Rx;
Normal of epipolar plane:

n=txX ﬁl
=tX (RXI)
= [tlxRx,




The Epipolar Constraint

Notice that x lies on the epipolar plane, so we have
xoT[t]xRxl =0
This is the epipolar constraint!

The matrix E := [t], R is called essential matrix.

What are the dimensions of E?




Epipolar Geometry: Essential Matrix

Epipolar constraint:
XgExl =0

The essential matrix E = [t],R € R3>3 captures information about the epipolar geometry of
the two cameras:

o K¢, =0= ”gE, l.e. the (calibrated) epipoles are zero-value left and right singular vectors
respectively.

° TO = KX, is the (calibrated) epipolar line corresponding to x;.
° Tl = ETXO is the (calibrated) epipolar line corresponding to x.

® K hasrank 2 and 5 degrees of freedom.



Epipolar Geometry: Fundamental Matrix

Recall that x; = Kl._lu[-. We can rewrite the epipolar constraint as

u/|K'EK ' ju; =0
—F

F is called the fundamental matrix. Similarly to the calibrated case, F captures information
about the geometry of the two cameras:

® ], = Fu, isthe epipolar line corresponding to u;.
o |, = FTuo is the epipolar line corresponding to u,.

® Fe, =0= egE, i.e. the epipoles are zero-value left and right singular vectors
respectively.

® F hasrank 2 and 7 degrees of freedom.



Epipolar Geometry: Summary

Epipolar Constraint

Each correspondence pair uj, u; must satisfy the epipolar constraint ugFul =10

If we know F or E, we can derive a lot!



Recovering Relative Pose from E

® Qur goal was to estimate relative
camera poses from 2D-2D
correspondences

® Essential matrix is product of tand R
E =[t],R

® Can we decompose E into tand R?

Correspondences ﬁ{

Camera Poses
(Motion)

|




Recovering Relative Pose from E

Decomposition of E, see Hartley, Zisserman 9.6

The essential matrix has an SVD of the form

E = Udiag(l, 1,00V’

where
-y -
U=[u, uw w3 andV' =1 U'R.
L 1
W

We can thus recover R and t (up to scale) as
® t=uz0r —uy
e R=UWV'or UW'V!



The four solutions

(a)

A B/ )(,B’ A

(c) (d)

Fig. 9.12. The four possible solutions for calibrated reconstruction from E. Between the left and
right sides there is a baseline reversal. Between the top and bottom rows camera B rotates 180° about
the baseline. Note, only in (a) is the reconstructed point in front of both cameras.



A Chicken and Egg Problem

b= :|:ll3
R=UWV?T | UW'v?T




Estimating Fundamental / Essential Matrix



Estimating F, E

So far:
® Derived formulas for essential and fundamental matrix and epipolar constraint

® Capture information about epipolar geometry of two cameras

® Can be used to find epipolar lines etc.

® Assumed known relative cameras poses

What we want:
® Relative camera poses are unknown!
® Given a set of correspondences, extract the relative camera poses and 3D points.

® For this, we can estimate fundamental / essential matrix from correspondences



Estimating Essential/Fundamental Matrix from Correspondences

A correspondence pair uy = (xg, Yo, 1), u; = (x¢, ¥y, 1) must satisfy the epipolar constraint
u,’Fu, = 0. This is equivalent to

xof11%X1 + Xof12y1 t+ Xof13
+ Yofauxi + YoSfuyi + Yof3 =0
+  faixy + S+ f33

How many correspondences do we need to estimate F?



Estimating Essential/Fundamental Matrix from Correspondences

A correspondence pair uy = (xg, Yo, 1), u; = (x¢, ¥y, 1) must satisfy the epipolar constraint
u,’Fu, = 0. This is equivalent to

xof11%X1 + Xof12y1 t+ Xof13
+ Yofauxi + YoSfuyi + Yof3 =0
+  faixy + S+ f33

How many correspondences do we need to estimate F?
® For fundamental matrix 8 points suffice — 8 Point Algorithm
® F has 7 degrees of freedom
® Even 7 points suffice (but no longer linear) — 7 Point Algorithm

® [For the essential matrix even 5 points are enough — 5 Point Algorithm



The 8-Point Algorithm

Given M correspondences (e.g. M = 8, but more = better) we can rewrite the M linear
equations in the form

X1,0X1 1 X1.1Y1.1 X100 Y1.0X1.1 YioYii Yio X11 yvia | /i

Xpmo0XM1 XmMaYMmMa Xm0 YMoXma YmMoYmai Ymo Xma Yma 1ALS33l

In practice we use M > 8 correspondences to reduce the effect of noisy measurements.

How do we solve this in the least squares sense?

. 2
min ||W{||
Ifll=1 2
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SVD!



The 8-Point Algorithm

Compute a SVD of W:
W=0xVv!

The least squares solution is given by the
right-singular vector corresponding to the
smallest singular value!

We get estimate I from f by reshaping.

Problems?







